Introduction
Plutonium is one of the least understood metals because its complex physics and chemistry are difficult to model. The electronic structure gives rise to many properties of Pu that are anomalous and not observed for other metals. For instance an intriguing and unusual phase diagram [1] in which atomic arrangements of sharply contrasting symmetry and density compete closely with each other. It is generally believed that these properties are related to chemical bonding but the nature of the electronic structure is not well understood on a quantummechanical level.
There have been several attempts to model the δ phase of Pu mainly because of the facts that electron correlation is assumed to be strong and the crystal is a simple face-centeredcubic (fcc) structure. Some of the models rely upon the density-functional theory with no or minor modifications [2, 3] and others with more involved corrections [4] . The only possibility to distinguish between these and other models is of course to compare with results of experimental investigations. Fortunately, there have been several recent electronic structure measurements for Pu [5, 6, 7] that can be used for this purpose. Also, Moore and van der Laan recently wrote an excellent review of the state-of-the-art experimental situation for the actinide metals [8] .
We report results from applying DFT to calculate the elastic properties of α, β, γ, and δ plutonium. Both α-Pu and β-Pu are monoclinic which means they have 13 independent elastic constants. The higher symmetry of the γ phase (orthorhombic) allows for fewer independent components (9) . The δ phase is, as mentioned, cubic and for this high symmetry only three independent coefficients survive (c 11 , c 12 , and c 44 ). The elastic properties of a material is important for several reasons. First, they reflect details of the chemical bonding and can provide fundamental information about phase stability and strength. Second, they can be used to constrain semi-empirical models or inter-atomic potentials. Lastly, as already alluded to, they can help to chose between proposed theoretical models. In Sect. 2 we present some details regarding our computations. Next, the elastic properties are shown and contrasted to available experimental data in Sect. 3. We conclude in Sect. 4.
Computational details
We recently published calculated elastic constants for the α phase of plutonium [9] and most of the present computational details are similar to these previous calculations and not repeated here. The more important issues, centered around the treatment of electron correlations and the electronic structure, are worth to review. Here, the electron-correlation effects are modeled by the generalized gradient approximation, spin polarization, spin-orbit coupling (SO), and orbital polarization (SO+OP). The SO and OP only apply here for the d and f states as discussed in our previous communication [10] . This approach is the same as has been used for Pu in the past [2, 11] where the OP term has its conventional formulation as described before [12] . With these orbital correlations there is a significant orbital moment close but anti-parallel to the spin moment for a near perfect cancellation [13] . It was shown that δ-Pu could be described well with no magnetic moments at all for sufficiently large enhancement of the OP [14] . Due to the ad hoc nature of the OP enhancement we have chosen to not follow that procedure here.
For α-Pu it was realized [9] that the effect of orbital polarization on the elastic constants is negligible and can safely be ignored. On the other hand, we find that for β-Pu and γ-Pu the OP does indeed influence the elastic properties. Results for calculations including spin-orbit coupling without orbital polarization (SO) and with (SO+OP) are therefore both presented.
An elastic modulus can be obtained from total-energy calculations of strained lattices. The details of this procedure is straightforward [15] and all information was presented in our report for the α phase [9] .
Elastic constants
Due to the required very high accuracy of the calculated total energy, computations of elastic constants for more complex geometries are relatively rare, especially for actinide materials. Nevertheless, there have been such calculations presented in the literature for both α-uranium [16, 17, 18] and α-plutonium [9] .
We begin by showing in table 1 the results for α-Pu taken from [9] . Let us first note that the α-Pu elastic constants are here calculated without orbital polarization but at the equilibrium volume of the full theory (SO+OP). In our earlier paper [9] we reported that this approximation gave very similar results to the more challenging full (SO+OP) calculations. Notice further in table 1 that some of the elastic constants are negative. This does not imply any structural instability because the strains applied to the crystal do not lower the total energy. For c 11 through c 66 the components are derived directly from the strains [9] while the remaining components are obtained by solving a system of linear equations defined by the geometry of the strain. The three first elastic constants, c 11 , c 22 , and c 33 , correspond to strains in the x, y, and z directions. The following three c 44 , c 55 , and c 66 reflect strains associated with changes in in the angles between the axes. Next, we compile the results for the β phase in table 2. Focusing on the c ii 's, which are more intuitive than the others, we find that c 11 through c 66 are significantly smaller compared to those for α-Pu (table 1) . Because they scale inversely with the atomic volume a reduction is expected when all other factors are equal. The difference in volume suggests a reduction of the order of ( 20.3 23.1 = 0.88) 12%. The actual reduction is much greater than that which is due to an overall weaker bonding in the β phase caused by an tendency towards 5f -electron localization. The calculations also indicate that orbital polarization plays a more important role for the β phase compared to the α phase even though the effect is not very drastic. The (SO) calculation is performed at the equilibrium volume of the (SO+OP) treatment which partly compensates for the difference between the two approximations. For α-Pu it completely negated the difference but not exactly for β-Pu. Nonetheless, the larger OP for β-Pu, compared to α-Pu, is consistent with the fact that this phase has stronger electron correlation and localization. The succeeding phase in plutonium [1] becomes stable just below 500 K and is the orthorhombic γ-Pu. The elastic constants for this phase are collated in table 3. Here there is a greater difference between the (SO) and the (SO+OP) theory compared to β-Pu, suggesting an increased importance of orbital polarization and even stronger 5f -electron correlation. The c ii 's, particularly for the full (SO+OP) treatment, is relatively similar to that of β-Pu but about 6% smaller on average and slightly smaller than a simple volume scaling suggests. The decrease, although small, indicates a weakening of the bonding and a more correlated electronic structure in γ-Pu compared to β-Pu (and α-Pu). The last phase we investigate is the δ phase. Here we are collecting the results published earlier [19] in table 4 together with single crystal data from Wong et al. [20] . For δ-Pu there are no dramatic differences between the (SO) and the (SO+OP) treatments when the coefficients are calculated at the (SO+OP) equilibrium volume. These calculations assume a disordered magnetic state which we have proposed to be the most relevant for this phase [21] . For comparison we also include results from a ferromagnetic (FM) calculation. The latter treatment results in a larger equilibrium volume (see below) and this likely explains the smaller c 44 . The other two (c 11 and c 12 ) do not appear to depend significantly on the magnetic configuration. Next, we summarize our equilibrium equation-of-state data in table 5 with available experimental data. We notice that the equilibrium volumes are always larger and the bulk modulus smaller when orbital polarization is included. The (SO+OP) data are also always closer to experimental data. The bulk modulus for the (SO) treatment, evaluated at the equilibrium volume for the (SO+OP) treatment (B f ix ) is very close for β, γ, and δ, but not for α plutonium. 
Conclusion
We have presented the single crystal elastic constants for α, β, γ, and δ plutonium. For the three first phases there exist no experimental data to compare with and therefore the theoretical results serve as predictions. For the δ phase single crystal data exist and compare reasonably with theory as we also pointed out in our previous report [19] . Through approximate averaging techniques one can attempt to relate single crystal data with that of a polycrystal. In table 6 we present Voigt averages to compare with available polycrystal data that exist for cast α-Pu and δ-Pu [20, 22, 23] . For α-Pu the bulk modulus appears to be somewhat underestimated whereas G andc 11 are in very good agreement. For δ-Pu the discrepancy is larger overall even though the ferromagnetic calculation is relatively close to the single crystal data. Notice that the polycrystal and single crystal experimental data are slightly different which probably is due to errors in the averaging procedure. Lastly, our calculations do not address thermal lattice vibrations whereas the measurements are performed at room temperature. The elastic constants show very pronounced softening with temperature [22] and it was proposed that this behavior is linked to 5f -electron localization. Our own investigations of α-Pu, employing Debye-Grüneisen methodology and other quasiharmonic treatments, suggest that the thermal softening of the moduli can largely be accounted for by quasi-harmonic phonon contributions with no temperature dependence of the electronic structure. If this is true, 5f -electron localization is probably not the primary driver for the thermal softening of the moduli. 
